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3 TECHNIQUES OF QUANTILE REGRESSION ’

by

j ean-P ierre  Cari l lichac]

Int roduction

Given obser vat ions  ((X ., Y .), i I , • • . , n3 on random va r i ab l e s

(X , Y ) w i th  joint d i st r i b u t i o n  F
x \ r (XP ‘p’) wi~ wan t  to t ’ s tj n i ~t t t ’  t i t t ’

rc~ t’css ion fun ~’t ion of Y (dl) X , E[Y I xl , nonpar an i ct r i c a l l y.

In order  to f ind a n a tur a l  ~‘s t  j i n a t u r  ( si l u p iC c o n ip u ta tio n a l l y a n d

- intui t ivel y it  ppoal i ng ) ,  I ~a r zcn  (1 977) dcv .l t I J ) ( (1 t l io  fol lowing theor ot ical

approach.

I.  Theoret ical  Approach :

Let U 1 
= F

x
(X) and U ? F~~ (Y )  , t hen t i l t !  joi nt  ( lj i~t . r ibut io zt

of U
1 

and U2 
is

Du ,~~~ 
(u

11u
2 ) i’

~~~y(Qx
(u

i h Qy (u
~~))

1 2 rACC’sSON Ix

NTIS WMte kCII

- 
- and the i r  j o~flt density is 

UNA NNOUN C~O 0
iuS TInCArloN 

~x, ~~~~~~~~~~~~~ 
Q~~(u 2 ))

du , u2~~i , t
~z ) ‘

X
(0

~ 
(P i ) i’~~ Q~~(u 2 ) ’

~ 8’

~
(, - S7RVU T nN AUILUI UTY COOt’S

i - I  A ’  - ‘I - 1C, IV

where F~ is the d i st r i b u t i on  funct ion  of Z 
-

C 
f
7 Is its densi ty  function

18 its quantile  func t ion

‘~~ escarc)t  supported b y A r m y  R e s ear c h  Off ice  (Grant  HA AG2 9-76-023 ’l ) .
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Let r(x) be the r egress ion  fun ct ion of Y on X = x

y f  ,(x , y ) dy
r (x)~~~E [Y ) X x] ! ~~~~~~~~~~~~~~~~ 

- -

x

\V’c now def ine  the  r e gr e s s i on — q u ant i l t ’ f u n c t i o n  rQ ( • )  by

rQ(u)  = r (Q~~(u))  E f Y  X

I low do we coii~~nit c rQ( . ) ?

By def in i t ion ,

~~ ~~ ~x, ~~~~~~~~~~ d y)
rQ(u) - $

Let y Q~~(u
2 ) , t hen

rQ (u) $~ ~~~~~~~~ du 1 , tj 2
(u~u z ) du

2

If ‘we introduce a Dir ac delt a funct ion , V i e  can exp re ss  i’Q( e ) as a

double in tegra l

1. 1 rQ(u ) = J~ If~ 
Q~~(u

2
) b(u

1 
- ~i) d Dtj  u (u i , U

2
)

We est imate r Q ( .)  by

1 . 2  rQ(u) $~$~ ~~~~~ (tt
2

) i)~~~~ 
K (~~1

1~ 1~~ ) d  a~~~~ 1
(u

1
, u

z
)

- -  - 
—~~~~~~~~~—-~~- - - -‘ - -  ~~~~-- - - - 
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1-1~ 
~ 

(•  • ) is an est imator  of the joint d i s t r ibu t ion  
—

function of U
1 

and U 2 . It could be the empir ica l  jo in t  d i s t r i bu t ion

fun c t ion

Q~ ( . ) _  is an est imator  of the q u an t i h e  funct ion of Y • It could

be the empir ica l  quan t i l e  funct ion of the Y ‘ s

K( .  ) is  an appt’ ox i mat or  to the Dirac dei a fimct  ion.

2. Di f fe ren t  Est imators :

Let Y [1 ni 
be t h e  observa t ion  as Sot . i a t  ed w i t h  X (i)  w l !er t ’

X ( 1 )  < X (2) 
c. . .  < X~~~ • is cal l i ’t l  t i le c o i i c i i n i i t ~~iu t ( I I  t h e  i

order stat is t ic .

Lct D1~ ~~ 
(. , •) be the C l T ’iJ ) I l ’ l c  151 t~~~~~i t  c h i t  t r i hu t i o n  fu nk . I ion

1 ’ 2
of U 1 and . It has  Jun lpS  of si ‘ic 1/n at  point s of  t h e  fo rm ( i / u , R . I n )

where  R , is the r ank  of Y • among  the V ’ s
1 [i : n) -

Let N ( )  be a -kerne l  fsmction wit h bandwid th  parameter  h ( n )

A f i rs t  est imator  of Q~~( .)  is g iven b y

i — I  1Q ( u ) = Y . , � u < -
1 2 ( i : nl 1’~ 2 1~

Then , equation I .  2 becomcs

n j / r i
2. 1 rQ (u) = ~~ y 1 K (t  - u

)dt1 j~~1 [j:n] IL! h (n )  h (n )
ii 

.~~— ~~~- -~~~~ 
-‘ ‘ -- ‘*.‘- ~~~~ - - 

- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ _________
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Usu a lly, as In Yang (1977) ,  thi s is approximated by

2 . 2  rQ
( 1) (u)~~ ~~ L’ Y(~ .

~~~~~~ 

•
~h~(n)

Yang studied th e statist ical  properties of that es timator .

Note that rQ
(1) ( )  can be viewed as the result of smoothing

amp litudes Y[~ n] observed at equidistant points of the form j /n

Clark (1977)  recommends  to int erpolate linearl y between the success iv e

point s ( ( I  In , Y~, 
j

))  to get an est imator with uui ay be more d e r i v a t i ve s

than the ke rne l .

Define

: ] 
, 0 U

2 
S j / f l

Q
2 (u

2
) = 

~
‘[j : 

~ 
(i + 1 — nu

2 ) —I 

~~ 

+ t : i~i
(u5

~
t , , — .1)

-~1 � u ç t’f I 
, l . . . . , n — 1

n 2 n

Then

2 . 3  rQ
2

(u) = J~ 
Q

2 (t)j -f_ ~ lc(t
h~fl~ )dt

It has been ren ’~arked befor e that it is d i f f i cu l t  to  smooth a curve

unless it is relat ivel y flat. People would then rec ommend to subtract  a

• trend ter m from the data before smoothing.

We would like to propose instead to smooth the f i rs t  d i f ferences

___________________
-



- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
- -

5

1 0 0 � u < 1 / n

~~
‘
2 (u2

) = 
. (y ~y . \ , ~~~~~ <~~~~~~\ [,j +1 :n] [ , j :n ] j n 2

j = 1 , . .  . , n -1

We then form the  es t imator  rd ( ‘)

2 .4  rQ (u) 
~ 

Q’
2

(t ) j -~~ K (~~~~~’)dt

rQ (u) = 
1Y 

n (~~~~~1 : n] 
- 

: n])~~~~) 1/ 
/n ic(t~~~u)  dt

and

2. 5 rQ3 (ii ) Si’~
) rQ’ (s) d s 1 r0

1 (1 / 2)

A

Because an ( ‘st i f l -L t t ur  of rQ( .)  would be the i nde f in i t e  intet’ ral  of

rQ ’ (•)  , we fix the value of rQ 3 ( l / 2 )  to be rQ
1

( 1 / 2 )  as we feel that  all

estimators a rt ’ usuall y good for the middle values.  The problems and the

differences  between es t imators  usually appear near  the endpoints .

Finall y, we can smooth Q 
~~~ 

using the autoregress ive method

by computing its Fourier coeff icient s

J~ ~~~~~~~ Q dt

A n- i  ,~+ 1/ i i
2 . 6  ~~(v) 

j~~l 
n (Y1 . 1  :n] 

- 

~ [i : n J )  J~ 
dt

I v i  0 , 1 , 2 , . . .

— ~~~
- •- - -  ———— - -  —~~~~~~~ - ~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~ ~~ 

.
~~~ ~~~~~~~~~_
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A

From the C ’ ( )‘ s , we ~omnpute the autoregres sive coeff ic ient s

by solving the Yule-Walker  equations

A

A 0
2 . 7  rQ~(u) = k A

1 + ~~~~ 
~~~ . e

2T
~~J U j Z

and

2 . 8  rQ
4 

= S~I2 
rQ’~ (s) ds + rQ

1 ( 1/ ~~) .

Note the relation between the  l i nea r i zed  Vei’ Sj Oll of t he  dat a  and

first  d i f ferenc es . Taking Ic th order  d i f f e r e n c e s  would be l ike int erpo-

lating between data points with  a h th degree  pol ynomial.

3. Statistical Properties:

3. 1 General Result s

Yang (1977) studied stat ist ical  properties of l inear functions of

concomitant of order statistics.

Among the different estimators proposed in the previous section ,
A A

onl y rQ’
2

( s )  and rQ 4
( . )  are not of that form.

For convenience , we r eexpre ss the th re .  major r esults of Yang in

a form more related to our purpose .

We need the following:

- - - ~~~~~~~~~~~~~~~~~~~~~~~~~~ ~-- -— - — - -  - -h-- ~~~~~~~~~~~~~~~ ~~~~~~~~~ 
- :  — - ~~~~~ - -- - _~~~~:
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Let M f~ 5~ 
g(U 7 )~~~~~~

) 
l
~~~~~~~~)(1~~i j u

(u
i .
u
z
)

where g(u
2 ) = 1l~X ( . ) ~ ~[. :n i)  

‘~~~~ ~ 
~~~~~ <~~~~ .

~(x) E[l l (x , Y ) X = x}

a2
(x)  = Var  ( 11(X .Y ) X x)

Assumpt ions

Al - E[ h l ( X . Yl~~ J ~~-

AZ — ~ (x) ca n b~ e’~~o’ e s sed as a d i f f e r e n c e  of tw o  i~ tc  r Cdl;

r i g h t — c o n t i n u o u s  f u t t e t i o n s

A3 - ~~~(x) has (lie s,ti:ic pr~~pert y .~s ~ (x) or Fx (x) is

absolutel y cent muon s

A4 — ~~Q(t)) is cont inuous at t = u

A5 - E [1l(X, \~)
3
]

A6 - a’ (x) a (x) ex i s t s  and a’ (Q(t)) is con t inuous  at

0 < u < 1

A7 - -

~~~~~~

- a~Q(t )) exists and is continuou s at t u

lU - There exists M >  0 such that

1 K (t1
) — K(t

2 ) l  < M • ~t1 
— t 2~ for ~ll t 1 , t 2

132 — lt K ( t fl -, 0 as I t i  — ‘ 1

— —‘-~~~~~~~~~~~~~ ~ ~~~~~~~~~~ !n~~ i~~~ --~~ - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~
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B3 - K ( t ) d t  = 1

B4 - u r n  }u (n) 0
n.j

1/4
- 

m~~
’ h ( n ) ( b 0 ~~~0~ n )  =

B6 - $
1
1 

tK(t ) dt 0

- S~1 t2~ K(t)I dt ~~~~~~~~

138 - K ” (t) exists and Sat i S f i e S  131 and BZ

Th
m

l - Consistency (Yang ’s Theorem 5)

Unde r assumptions Al - A4 and B! - B5 ,

lini E[M ] a(Q(u))
- -~ f l-)~~

h u n  E[M 1 = him 5~~~ Q(u
1)) .~~~~~ K~~~~(fl~~~~ du 1

= o.(Q(u)) • K(t)dt = a(Q(u))

and

u r n  EtIM - ~ (o~u~) 12 1 = 0
n -‘~~

— ~~~~~~~~~ ~~~~~~ —~~ 
_______ — 4
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Th
TT

~2 — Asym ptotic norz’nality (Yang ’s Theorem t~)

Under a s s u m p t i o n s  Al  - At and LU - 135 ,

D f  , - ,
.Ji~h( n )  (M - L[N ~~ N ~0, 0~ çQ(u)

” S~i 
1’~~(t ) dt ’

Th~
’
~3 — Asymptot ic  bias (Y ang ’ s Cor o l l ar y  1 to Theorem e)

Under .i ssumnpt  ions A l  — A7 and I~ I —

I-~[ M 1 — a ’ Q(u) ” 2 1
lim -- 

~~~~~~~~~~~~~~~
—-

~~

- —

~~~
--; a~~~u~ • 

~ 
t~ K(t) dt

h’ (n ) du — 1

and ~~~T) - Q(u)~~~ N O , a~~~Q(u )~ • IC (t)  dt~

Let us apply these general result s t o t he  d i t  t e  l- t ’~~t t  e st iuna t or

pres ented in the previous section.

3.2 Statistical Properties of rQ
1 

( . )  .mnd L
1 )

(~~~

A

rQ
(1 ) ( ) is the estunat or proposed and st s ,d ~~ d -~~ ,~ lo  ;t i v  t ’v  V

as an est imator  of E[ Y X - Q( ’ )] . Our rc )
1 

( h as  c\ d c t l y  t i m e  s a n l t ’

properties as can be seen from’n the fac t  that

i /n It* _ u
( 1•<th~(

U
)~dt = 

nh(n)

for ~ t .  ~n 3

- —  ~~~~~~~~ ~~~~~~
--—---. - — -- - -—~~ _~~~t~~ _~~~~~~~~~~~~~~~~~~

_ - - - - ~~~~~~~~~~~~



- ---5,- 

~~~~~~~~~~~~~~~

10

Thus , rQ
1 

(u) is a consistent estimat or of rQ(u) E [Y~ X Q(u) ] , under

the conditi ons of Theorem 1, at the point s of continuity of r Q( .)

Under the conditions of Theorem 3, the asymptot ic  bias is pro-

portional to the second derivative of rQ( .)

For the kernel we have been using

15 2 2- z  ) I z i  � I

K(z ) =

0 k I > i

the asymptotic bias is 1 / 7  • rQ”(u) and the var iance  of the asymptot ic

distribution is 5/7 • Var ~Y ’1X  Q(u) )

It is possible to estimate Var (Y ix = Q(u)
S\ 

by the same met1io~ ,

e . g .

= Q(u)) ~ :n] 
- rc~ 1) (u ) .  h (n)

3. 3 Statistical P roperties of rQ 2 (u)

We rewrite rQ
2

( . )  as follows:

rQ2 (u) = 1
1
(u) + 1

2
(u) , where

I~~(u) = 

~~ 
I Y[~ : n] h(n) 

K(t~~ 1~~~ dt

n j /n
Iz

(u) = 

~~~ 

n . u n ]  
- Y[. :n]) ~~ 

- t) i;-~
;-) K

(t
~~~~~)dt

- ~~~~~
--5

~~~~~~~~~
-
~~~~~~~~~ 

—- —
~ w~ — - 

~—— -~~~~—--~~~~~---— . ---5-- 5
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Note that 1
1

(u) is just rQ
1 

(u) . On the other hand ,

- E[ (Y
[J 1  :n] 

- 

~ [j :n ])] = rQ( s) d[(~ ~ l~ ~~~~~~~~ ~)fl~)+ 1 ]

and by expanding in Tay lor series

j/ii
nS ~~~~~~~~~~~~~~~~~~~~~~~~~~~~

- ;  n

-
, /~~~~-~~\ f~~ -~~\ ft . - u\ 1

Znh(n) h(n) 2h2 ( )  R 
K’~ 

~~~ 
)
~ ~ K’ 

~ h(n) 
)j + R.

_ _ _ _ _ _  

It ._-
where IR. 1 ~ 1 

I K ” ( ~
~~~ 6n 3h3 (n) \ h(n ) /

— 1 
<~~ • ~~~~~~ j  = 2 , . . . , nn j  n

The bias properties of rQ 2 ( ’)  are the same as those of rQ
1 ( ’)

provided I
z

(• )  contributes only to high order terms.

E[12 (u)J = J 1 (u) + + R

We look onlyat  
~~~~~~~~~~ 

.

ii £1...
J 1 (u) = r Q(s) 

j =Z
o )  

K( 
~~

(fl)

U) 

d [(k) s~~
’(l - ~)

fl~ 3+1]

k-S-. —
~
-
~

— —5-—-—

~ jjr 
--.— —
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By Bernstein appr oxinmat i6n ,

= (2nh n~~~ ’ [
~: 

r Q( s)h ~~~(n) K’(f ~~ ))ds - rQ j ) d ( I  -

- !  rQ( s) l<~~~(
”
~~) ds ’~]

For 0 < u - < ~ 1

1 u +h (n)

S r Q (s) Ii ( i-u ) K’ (
~~

‘-
~

-) ds = 5 rQ( s)h’ (n)  K’ (-
~

-
~

) ds

0 u-h(n)

because K( ’  ) is def ined only on ( —  I , I )  and upon i n t e g r a t i n g  b y

parts , this is

h( n )  . rQ ’ (~ + th (n) )  K ( t )  (It -~ h(n ) r Q’ (u)

On the other hand ,

-‘- L~ 
rQ( s) d( 1 - ) i  <- IJ ’c~ 

r Q( s) d ( l  - A

I rQ( s) d a~I < I rQ( s) I B

and for h(n) < m m  (u , 1 - u)

~~~ ~

‘ K (h  (n ) )  h 
~

• K (
~~

) o

_________________________ 
______  -~~~~~~— —---~~~~~~~~~~~~~~ - --
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So,

(u) (znh(n) ~ (ti~n~ rQ ‘ (U ))

goi’s to zero as H 

— 

. ( 0 )  got’ $ to ~~~t’ ye fast  ~‘r .

Thus , for 0 < u ’- I

Urn F~[rQ. (u) — rQ(u)~ u r n  FIrQ (u) — rQ( u )j
2 ~~~~~~~ 

1

h
2
(n) h’ (n)

At the endpoint s, th e  l imit  does not exist .

3. 4 St a tist ic a l I ‘ro p er t i e s  of rQ
3

( . )

We n t f t r t  by s tud y in g  rQ
1 ( ‘)

rQ
1

(u) ~~~ mm ] 
- 

~
‘[.i- 1 = ~1’ h(n )

By Tay lor sc ’r ies expansion ,

i/n  - 
f..LJ -

_!._ K~~~ “ 
— j —— ) 4 R

Znh 2 (u) ~ h (n , /

— — -.. -
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and

E [Y[J : n] 
- Y[~~ 1 

= -

~~~ 

rQ(s) d[(~~1)s
3
~~ ( 1 - 5) n-i+ l] .

So,

E~~Q
1

(u~ ~!rQ( s)~~~~[h(n 1
1

K(~~~~~) ) +  
2nh 2 (n) 

~~(~~~h

u
~~~

(1 - ~~
)
fl~~)+~~~

By Bernst ein approximation

E[rQi
(u~~ = -5 rQ(s)h~~(n) K (~h~~~)ds -5 r Q (s) 

Znh 3 (n) 
K ( ~h~~~ )ds + R

For 0 < u < 1

E[rQi
(u~ -h~~~(n) rQ(u + th(n) )K(t) )  +J ’ rQ (u + th(n)) K(t ) at + O ( n ~~~)

Thus
rA il

E [r01 
(U~j rQ (u)

and

IA ,
E[~Q (u) - rQ (u!J 

_ _ _ _ _
1 . rQ (Ui t2

~~~K t  ~~
h (n)

~

- --~~~~—-~~~~ -~~~~
— :-

~~~~~~~~~~~~~ _.
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From these formulas , one can evaluate E [rQ3(u~ . The terms

missing in the Bernstein approximation for mula are zero if h(n ) is less than

mm (u , 1-u) as in the previous section . The integral involving K” ( ‘)

contributes a term of order (nh
2 (n))_ 1 to the expected value. Its

influenc e is not felt either in the bias ( u r n  nh4 (n) =

E[r03(u)] = I E[rQ~(s) ds + EEQ 1 (1/2 1 = rQ(u)

and

E[rQ3
(u~~~ rQ( u ) 

= t 2K(t ) dt [rQ
” (u) + rQ ”

(f)]

_ _ _ _  ___
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4. Case of X fixed

We study only the case where the x’ s are fixed and equidistant

on the unit Interval , of the form ( jin) ’
~ 0 . The model is of the form

Y f(x) + £ , where the L ’ s are uncorrelated er rors  with mean zero

an d constant variance.

We limit ourselv es to onl y two estimat ors :

f 1 (u) 
n1i~(n) [f Y ( 0 )  • K(j-~~)) 

+~~~ Y( j / n )  ‘ K() /~~~) U) +

• Y ( 1 )  • K(’1~~~~~

and the estimator based on first differences

A U A 1 A

f2 (u) 5 ~l (a )  ds + f 1 ( I / 2 )
1 /2

.~~ \
where f 1 (s) = 

+ 
1)~~ 

~ (~in)j . 
~~~

and Y(j/ n ) is obeerv ed at x = j / n

4 .1  Statist ical Properties of c ( s )

E[f1 (u~ nh (n) R 
f(0) 1~~f)) +~~~~f( j / n )  K(u/~~) U) + f ( I ) .  K(~~~~ )j .

L 
- ____ 
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This formul a is recognized as the trapezoida l rule for !f(t) L1( )

based on the g iv en design , so

E[f1 (u)
] 

- -‘
~~~~~ f (u)

As an approximati on to the integral , t he error is at most

2 sup f ’’(u) . which is much less important  than the error of
lZn 0~~ u �1

approximati on of the integral to f(u) that was foun d before to be

1
h2 (n) f” (u) 5 t 2 K(t ) dt

rA
Elf (u) — f (u ) I  1

Thus , _LI -
~ f” (u) 5 t 2 K(t ) dt

h (n ) -1

Because the £ a  are uncorrelated ,

V a r ( 1 u )  Z~ 2 ( )  
[
~ 

K2(j~~~)) ~~~~~~~ K 2(u/
,
*~~~)

t1) + ~ K~ (~-u~ -u; ’~)]

Thus ,

nh(n) Var ( ‘
1 (u) )--~~ a 2

! FC (t) d:

-1
IL



5,~~~~~~~~~~~~~~~ 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

4.~ Statistical Properties of 
~~~~~~~

A n - i  f(J~~)~~f()~~ 
_ _  

P-\~~E[f1 (a~ = 

~~~~~~~~~ 
1/ 

• h(n) K
~~ h(n ) )_ ~~

5-3 f (s)

The asymptotic bias is computed as In section 3

rA , 
I i  1

ELI1 (a) - f (s~ ~ f’” (s)  • $ t2 K(t) dt
2 1 19 w  2 -~ih (n)

Thus ,

E[f2(u~J_4f f ( s )  ds + f( 1/2 )  1(u)

and

E[f2
(u) - f(u~ 

= (f
”
(u) + f”(l/Z)) • 

~ 
t2 K(t ) dt

h (n) -]

One can writ e an exact expression for the varianc e of

Var(J’ f
1’(s) ds + f 1( 1/2)) = Var (

j  
f i (a )d s) + Va r ( i ( i /2 ))

+ 2 ~~~ f
1

( .)ds , 1l (1
~’2))

1/2

—
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Now , Va r ç, ( 1 /2 ) )  was computed prev ious l y and

Var (/ f ,
s (s)ds )

2 ~~~
-,  I /1L~i - t  fi±! - 1V 1

h2 (n) I~~2 f /2  0 
‘(

( i ))  ~~~~
‘ l~ (f l ) ) 

- 

1* 
~~~

(fl
~~~~

-5) - h~~) ( )  )~~ds dt

i - i  .1+ 1wher e we restr ict I) and ~ 1

- I Finall y. 
-

/ U A , A

2 Cov ( $ I ( a I d s , f 1 ( 1 / . ~) =

j = O 
a~ K(4~~~~) ’  [C1€~ ~(mZi~’) 

- 

$~if~~ ds]

11/2 • j o o r n
where a. =

) 
• ot he rwise

What does this converge to~ -

nh(n) • Var (11 (1 /~~‘))~~~-4 a2 S K ” (t) dt

fi±1 ,\ fi ~i ~- K~~~~( )  ) 

- 
“

~~~J ~ n~ h~ (n) 
K~I~~~j~~~—)

~ 

~~~~~ -  -~~~~~~~~~~—



-
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~~~~~~~~~~~~~~~~~
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We then look at

2 u • u ,,fU~ t\
nh (n) 

~ 1/2 ~~~ K
~~~~ :;~~; ~~ • 

1~~2 h (n) 
K dt

12 .2which converg es to 2c 5 K (v) dv
— 1

and

I U , .,  1 .~

2 nh(n) Cov~~j’ f 1 ( s )d s  f 1 ( 1/ 2 ) ) — 3 - 2 a 2 J ’ K ’ (v)  dv

1/2  / - 1

Thus

nh(n ) Var ( 12 (u)) 4 a2! K 2 (v) dv .

- 
— - — - -5 —- — - —  — _-5~~~ __~~~

j
~~_ - t - _ - - - - - - - - - -- -- - - - -
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5. Asymptotic variance when x is random.

From section 3. 3

rQ2 (u) rQ~ (u) ÷ ! ~~(2nh(n))
’ (‘~h i 1  :nr ‘

~[i :n i) .  K(~~-
h(

-~—)

A A

Thus rQ2 (u) = rQ1(u) + 1(u)

Var (rQ2 (u)) = Var (rQi Cu)) + Var(I(u)) + 2 Coy (r~~i (u) , 1(u))

From section 3. 1 ,

Var (rQ1 (u)) 
~~~~~~ 

~2(Q(u)) • 5 K2(t) dt

Var (I(u )) = • var (m’ (X)~ X = Q(u)) • / I<2 (t) cit

where m’ (x) = ~~ E f Y l X x]

and 2Cov (rQ1 (u) , 1(u)) = nh(n) C(u)

It then follows that

nh (n ) Va r (r Q2 (u)) _-_) a2
(Q(u )) • / K 2 (t)dt 

-- — - 
-~~~~~~~~~~~
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To compute the asymptotic variance of rQ 3 ( •)  , we proceed

again by steps as in section 4. 2

Var (r03(u)) va r ç~~~rQ
1 (e) ds + rQ 1 (~~)) •

Var (rQ1(~-)) nh(n) a (Q( 2 )) J’ K 2 (t) dt

va r çs ro; (aId s) = 5 Coy (r~~i’(s) , rQ (t)) ds dt
/2  1 / 2  1 / 2

Cov (r Q 1
’(s) . rQ 1

’(t) ) =

nh4 (n) [ I I  (uAv - uv) K1(~~ )K’(~h~~~) du Q(u) du Q(v)

+ j  a~ (c~ u~) K’(~~~~~ ) K’(~~~~~) duj =

5 5 Cov(r01’(s) , rQ 1’(t)) ds dt = 5 5 C(a , t )d s dt
1 /2 1/2 1/ 2 1/2

I

+ ~~~j o 2 ( Q x ) h (~, (K(’~~~~~)~~~l<h( fl)
dx .

Finally.

2 Covçs rQ
i
’(s)do . rQ

1
(~~ )) n~~n) c Q ( ~ ) f  K 2 (t )dt + 

constant 

-— —-
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Thus ,

nh(n) va r (r~~3(u))~~~a2(Q(u)) • 
~~ 

K 2 (t) dt

- - — - - -~~ -~~~~~~ -—~~~ 
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6. Preliminary Conclusions

A study of mean integrated squared error  done by Melzer (1978) for

samp le si zes n 20 , 50, 100 allows us to conc lude that rQ2 ( )  does

not improve on rQ 1 ( )  . Also, there is much to be gained by nor malizing

the estimators so that the weig hts add up to I exactly. This has no

effec t on our asymptotic results.

The proposed estimator rQ4 ( ’) was abandoned after  a few t r ies

on simulated data because of its oscillating behavior.

L. - 
-
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